ORIENTATION AND SYMMETRIES OF ALEXANDROV SPACES 
WITH APPLICATIONS IN POSITIVE CURVATURE 



JOHN HARVEY AND CATHERINE SEARLE 

Abstract. We develop new tools for use in Alexandrov geometry and 
apply them to the problem of classifying positively curved Alexandrov 
spaces with maximal symmetry rank: the first being a theory of rami- 
fied orientable double covers and the second being a particularly useful 
version of the Slice Theorem for actions of compact Lie groups. 

These techniques are applied to compact, positively curved Alexan- 
drov spaces to provide a description of fixed-point homogeneous spaces 
as the quotient of a join, and to show that the maximal symmetry rank 
of a compact, positively curved Alexandrov space is the same as for the 
Riemannian case. The spaces of maximal symmetry rank are shown to 
be quotients of spheres by rank or 1 subgroups of the centraUzer of the 
maximal torus in the orthogonal group. 



Introduction 

Certain techniques are so well-established and of such utility when study- 
ing the geometry of Riemannian manifolds that when working in the more 
general area of Alexandrov geometry one reaches reflexively for them, only 
to find that they are not within reach. Of course, the increased generality 
of the subject necessitates weaker results. The existence of convexity and 
injectivity radii, extendibility of geodesies and isotopies via vector fields 
are all foregone, but in return we have a richer class of spaces with which 
to work. 

Other tools, however, we may hope to retain, though often in a modi- 
fied form. In this paper we present two important examples: the theory of 
orientable double covers and the Slice Theorem, with the required modifi- 
cations. 

It is well known that every Riemannian manifold M has an orientable 
double cover M, and that there is a free orientation-reversing isometric in- 
volution i : M ^ M such that M is isometric to M/i. One of the useful 
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aspects of the class of Alexandrov spaces is that it is closed under taking 
quotients by isometric group actions even when those actions are not free. 
Therefore it is natural to allow the involution i to fix points. We obtain the 
following result. 

Theorem A. Let X be an Alexandrov space of dimension n and curv > k 
which is non-orientable. Then there is an orientable Alexandrov space Xnam 
with the same dimension and lower curvature bound, and with an isometric 
involution i such that XRam/i and X are isometric. Xnam is a ramified 
orientable double cover of X, and the ramification locus is the union of 
those strata in X having non-orientable normal cones. 

When studying the action of a compact Lie group on a topological space, 
the Slice Theorem is a crucial component of the theory. It is clear that 
the theorem is true in Alexandrov geometry, simply because Alexandrov 
spaces are completely regular. However, in Riemannian geometry we can 
go further, identifying the slice with the normal space to the orbit. We show 
that an analogous identification is possible in Alexandrov geometry. 

Theorem B. Let a compact Lie group G act isometrically on an Alexandrov 
space X. Then for all p E X, there is some tq > such that for all r < vq 
there is an equivariant homeomorphism^ : Gxc^Kup — )■ Br{G{p)) where 
Vp is the space of normal directions to the orbit G{p). 

Recall that the group of isometrics of an Alexandrov space is a Lie group 
[|71, just as for Riemannian manifolds f25\. The project of classifying pos- 
itively curved Riemannian manifolds with "large" isometry groups (where 
the largeness of the group action may be interpreted in a variety of ways) can 
therefore reasonably be extended to positively curved Alexandrov spaces. It 
is of great interest to see which positively curved singular spaces can arise in 
the presence of symmetries. Where we find few additional spaces, we may 
conclude that the restrictions are due to the nature of curvature and symme- 
try, while where there are many additional examples we may conclude that 
the restriction has more to do with the nature of Riemannian manifolds. 

One measurement for the size of a transformation group G x X ^ X is 
the dimension of its orbit space X/ G, also called the cohomogeneity of the 
action. In particular, the spaces of cohomogeneity are the homogeneous 
spaces. 

Berestovskii has shown (modulo a mild condition verified in [[231 ) that 
finite-dimensional homogeneous spaces with a lower curvature bound are 
Riemannian manifolds [2J . In IfTOII it was shown that the maximum dimen- 
sion for the isometry group of an Alexandrov space is the same as in the 
Riemannian case and that when this dimension is achieved the Alexandrov 
space is homogeneous. 
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In contrast to this, we have Alexandrov spaces of cohomogeneity one, 
which were studied in lfT2]| . It was shown that non-manifold Alexandrov 
spaces of cohomogeneity one exist in all dimensions greater than or equal 
to 3. In particular, the suspension of any positively curved homogeneous 
space is a positively curved space of cohomogeneity one. 

The cohomogeneity is clearly constrained by the dimension of the fixed 
point set of G in X (where we understand the dimension of the empty 
set to be —1). In fact, dim(X/G) > dim(X'^) + 1 for any non-trivial 
action. In light of this, the fixed-point cohomogeneity of an action, denoted 
by cohomfix(X; G), is defined by 

cohomfix(X; G) = dim(X/G') - dim(X^) - 1 > 0. 

A space with fixed-point cohomogeneity is called fixed-point homoge- 
neous. 

We first recall the classification result for fixed-point homogeneous Rie- 
mannian manifolds of positive sectional curvature [|T6ll . 

Theorem 0.1. Let a compact Lie group G act isometrically and fixed-point 
homogeneously on M", a closed, simply-connected positively curved Rie- 
mannian manifold. Then M" is diffeomorphic to one of S*", CP^, HP™ or 
CaP^, where 2k = 4m = n. 

This result is obtained via a structure theorem which allows us to decom- 
pose the manifold as the union of two disk bundles. The natural generaliza- 
tion of this structure theorem to Alexandrov spaces would involve replacing 
the disk bundles with more general cone bundles. However, the rich variety 
of spaces of directions in Alexandrov geometry means that the structure of 
the orbit space can be more complicated than in the Riemannian setting, 
and so the result fails. We provide here an alternative description which 
does generalize to Alexandrov spaces. 

Theorem C. Let a compact Lie group G act isometrically and fixed-point 
homogeneously on X", a compact n-dimensional Alexandrov space of pos- 
itive curvature and assume that ^ 0. IfH C G is the principal isotropy 
and F is the component of X^ with maximal dimension then the following 
hold: 

(i) There is a unique orbit G{p) = G/Gp at maximal distance from F 
(the "soul" orbit). 

(ii) All principal Gp-orbits in v, the normal space of directions to G{p) 
at p, are homeomorphic to Gp/H. Moreover F is homeomorphic to 

vIGp. 

(iii) The space X is G-equivariantly homeomorphic to 

{u*G)/Gp, 
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where Gp acts on v with the isotropy action at p and on G by its left 
action. The G -action is induced by the action on u * G given by the 
join of the trivial action and the left action. 
(iv) The principal orbits in X \ {F U G{p)) are homeomorphic to 
u{F) = G/ H, where ui^F) is the positively curved space of nor- 
mal directions to F. 

We see from this that fixed-point homogeneous spaces are plentiful among 
the positively curved Alexandrov spaces. For every positively curved space 
z/, its join to a positively curved homogeneous G-space yields a fixed-point 
homogeneous G-space. It appears from this result that fixed-point homo- 
geneity is only a highly restrictive measure of symmetry in the context of 
Riemannian manifolds. 

Another possible measure of symmetry is the symmetry rank of the space, 
where 

symrank(X) = rk(Isom(X)). 
Closed Riemannian manifolds with positive curvature and maximal sym- 
metry rank were classified in [ 15]. 

Maximal Symmetry Rank Theorem. Let M be an n-dimensional, closed, 
connected Riemannian manifold with positive sectional curvature. Then 

(1) symrank{M) < [^J. 

(2) Moreover, equality holds in (1) only if M is diffeomorphic to a 
sphere, a real or complex projective space or a lens space. 

Observe that all such manifolds may be written as quotients of spheres 
by freely acting subgroups of the orthogonal group which commute with 
the maximal torus. Indeed, it is clear from the proof that the group actions 
are always induced by the maximal torus in the orthogonal group (cf. also 
jH, or [|24l . noting that the latter contains a more general result applicable 
to the spherical space-forms). 

The list of maximal symmetry rank spaces is short because there are so 
few subgroups which satisfy this condition. In 0{2n) the maximal torus is 
its own centralizer, and its freely acting subgroups are finite cyclic or the 
diagonal circle. In 0{2n + 1) no subgroup of the maximal torus can act 
freely. However, the maximal torus does commute with the antipodal map, 
and so it follows that the real projective spaces have maximal symmetry 
rank. 

Just as we allowed the isometric involution to act with fixed points in 
Theorem A, we can see immediately that a maximal symmetry rank space 
will arise whenever we take the quotient of a sphere by an appropriately 
sized subgroup of the centralizer of the maximal torus in the orthogonal 
group. In fact, using inductive methods relying on Theorem C, we show that 
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these spaces are the only positively curved Alexandrov spaces of maximal 
symmetry rank. 

Theorem D. Let X be an n-dimensional, compact, Alexandrov space with 
curv > 1 admitting an isometric, (almost) effective -action. Then k < 
L^^J ^"'^ '^^^^ of equality either 

(\) X is a spherical orbifold, homeomorphic to S'^/G, where G is a 
finite subgroup of the centralizer of the maximal torus in 0{n + 1) 
or 

(2) only in the case that n is even, X = S'^^^/G, where G is a rank one 
subgroup of the maximal torus in 0{n + 2). 

In both cases the action on X is equivalent to the action induced by the 
maximal torus on the G-quotient of the corresponding sphere. 

Non-orientable spaces of maximal symmetry rank can only arise when G 
contains orientation-reversing elements, which only occurs in even dimen- 
sions and therefore all odd-dimensional maximal symmetry rank spaces are 
orientable. Note that this result is sharp: there are locally non-orientable 
odd-dimensional Alexandrov spaces admitting actions of almost maximal 
symmetry rank, that is, of rank [^^J, such as, for example, in dimension 
3, S(]RP^). Further, we can see that in dimensions < 3 Alexandrov spaces 
of maximal symmetry rank must be topological manifolds, whereas in di- 
mension 4, there are numerous examples of Alexandrov spaces of maximal 
symmetry rank that are not manifolds. However, since these spaces are all 
ultimately spherical in origin, we can say that the combination of positive 
curvature with maximal symmetry rank is restrictive in its own right, and 
not only in the Riemannian setting. 

The paper is organized as follows. In Section [T] we will recall some gen- 
eral facts about Alexandrov spaces. In Section [2] we develop the theory of 
ramified orientable double covers, proving Theorem A. In Section|3]we will 
consider isometric group actions on Alexandrov spaces and prove Theorem 
B, as well as generalizations of other well-known results from the Riemann- 
ian case. In Section|4]we prove Theorem C, which is then applied in Section 
[5] to prove Theorem D. 

Finally, we note that in a forthcoming paper fT8l| we will prove the fol- 
lowing result for positively curved spaces having almost maximal symmetry 
rank in low dimensions. These spaces are also very restrictive, and spher- 
ical in origin. We observe that for the more restrictive case of positively 
curved, 4-dimensional, simply-connected topologically regular Alexandrov 
spaces, it has been shown that the only such spaces admitting an isometric 
circle action are S'^ and CP^ |l9l. 
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Theorem 0.2. Let act isometrically and effectively on X^, or on X^, 
where X is a compact, positively curved, orientable Alexandrov spaces. 
Then up to homeomorphism 

(1) X^ is S^/G where G is a rank one subgroup of the centralizer of 
any C 5*0(6), or any orientable suspension (which corresponds 
to G being a finite subgroup of the centralizer of a C 5*0(5); 
and 

(2) X^ is / G where G is a finite subgroup of the centralizer of any 

in 5*0(6), or S^/G where G is a rank one subgroup of the central- 
izer of any C 5*0(7) or S'^ /G where G is a rank two subgroup 
of any C 50(8). 

Acknowledgements. The authors are grateful to Christine Escher, Karsten 
Grove, Ricardo Mendes, Anton Petrunin, and Conrad Plaut for helpful con- 
versations, as well as to Fernando Galaz-Garcia for initial conversations 
with C. Searle from which this paper evolved. C. Searle is grateful to the 
Mathematics Department of the University of Notre Dame for its hospitality 
during a visit where a part of this research was carried out. 

1. Preliminaries 

In this section we will first fix notation and then recall basic definitions 
and theorems about Alexandrov spaces. 

We will denote an Alexandrov space by X, and will always assume it is 
complete and finite-dimensional. Given an isometric (left) action G x X — )■ 
X of a Lie group G, and a point p e X, we let G{p) — {gp ■ g ^ G} 
be the orbit of p under the action of G. The isotropy group of p is the 
subgroup Gp = {g e G : gp = p}. Recall that G{p) = G/Gp. We will 
denote the orbit space of this action by X = X/ G. Similarly, the image of 
a point p e X under the orbit projection map tt : X — > X will be denoted 
by p e X. We will assume throughout that G is compact and in Section 
5 that its action is either effective or almost effective, i.e., that Hpgx 
respectively either trivial or a finite subgroup of G. 

We will always consider the empty set to have dimension —1. Home- 
omorphisms and isomorphisms will be represented by =, while isometrics 
will be represented by =. We will use to refer to the circle as a Lie group, 
and 5*^ to refer to it as a topological space without any group structure. 

1.1. Alexandrov geometry. A finite-dimensional Alexandrov space is a 
locally complete, locally compact, connected (except in dimension 0, where 
a two-point space is admitted by convention) length space, with a lower 
curvature bound in the triangle-comparison sense. Like most authors, we 
will assume that the space is complete. For non-complete spaces, we will 
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follow [[34l in using the term Alexandrov domain. Every point in an Alexan- 
drov domain has a closed neighborhood which is an Alexandrov space ||32ll . 
There are a number of introductions to Alexandrov spaces to which the 
reader may refer for basic information (cf. [[5l[6l l27l[38l[39ll ). 

A more analytic formulation of the curvature condition, using the con- 
cavity of distance functions, was introduced in [[33| . We say that a function 
/ : R — )■ R is \-concave if it satisfies the differential inequality /" < A, 
in the barrier sense. A function / : X — > R on a length space X is A- 
concave if its restriction to every geodesic is A-concave. We use the term 
semi-concave to describe functions which are locally A-concave, where A 
need not have a uniform upper bound. Semi-concave functions on Alexan- 
drov spaces have a well-defined gradient, and in particular, this gives rise to 
a gradient flow. 

We say that a complete length space X is an Alexandrov space with 
curv(X) > k if, for any point p, a modification of dist(p, •) satisfies a cer- 
tain concavity condition. In particular, if we let f = p^o dist(p, ■), where 



then / must be (1 — A;/)-concave. Note that in a space form of constant 
curvature k equality holds, that is, f" = 1 — kf . 

The space of directions of an Alexandrov space X" of dimension n at a 
point p is, by definition, the completion of the space of geodesic directions 
at p and is denoted by SpX or, if there is no confusion, Sp. For any subset 
Y of X", we denote the space of directions tangent to F at p G F by SpF. 
The space of directions of X" is a compact Alexandrov space of dimension 
n — 1 with curv > 1. We recall here a particularly useful result for such 
spaces (cf. [|T4l[T3ll'). 

Lemma 1.1 (Join Lemma). Let X be an n-dimensional Alexandrov space 
with curv > L IfX contains an isometric copy of the unit round sphere S*™, 
then X is isometric to the spherical join * v, where v is an isometrically 
embedded {n — m — 1) -dimensional Alexandrov space with curv > 1 which 
we will refer to as the normal space to S*™ . 

In order to understand Alexandrov spaces, a grasp of their local structure 
is required. Perelman showed in [27J that Alexandrov spaces are spaces 
with multiple conic singularities (MCS spaces) in the sense of Siebenmann 



Definition 1.2. X is a space with multiple conic singularities or MCS space 
of dimension n if and only if every point p G X has a neighborhood which 



(1) 




if A; > 
if A; = 
if A; < 0, 



m. 
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is pointed homeomorphic to an open cone on a compact MCS space of 
dimension n — 1, where the unique MCS space of dimension —1 is the 
empty set. 

For Alexandrov spaces, the cone here can be taken to be the cone on the 
space of directions. This surprisingly difficult result is obtained in [12711 (cf. 
also [20]). 

An important difference between Riemannian manifolds and Alexandrov 
spaces is the existence of singularities. We refer to a point p E X as regular 
if Ep is isometric to the unit round sphere and as singular otherwise. We 
make the further distinction that a point is topologically singular if its space 
of directions is not homeomorphic to a sphere. The set of regular points of 
an Alexandrov space is dense and convex, while the singular points "may 
be arranged chaotically" [[321 . 

By restricting our attention to certain kinds of singularities, we can strat- 
ify an Alexandrov space into manifolds in two different ways: the first strat- 
ification is purely topological and the second is by extremal sets. 

The canonical stratification into manifolds of an MCS space is given as 
follows: a point p E X belongs to the /-dimensional stratum X^^^ if p has 
a conic neighborhood homeomorphic to x K, where / has been chosen 
to be maximal and i^' is a cone on a compact MCS space. We will describe 
K as the normal cone to the stratum X^^\ For more information on this 
topological stratification of Alexandrov spaces, see [|28l . Using this stratifi- 
cation we can see that the codimension of the set of topologically singular 
points (other than boundary points) is at least 3. 

The more refined stratification by extremal sets, which takes into account 
metric information, is given in [[32|[ . A non-empty, proper extremal set com- 
prises points with spaces of directions which differ significantly from the 
unit round sphere. They can be defined as the sets which are "ideals" of the 
gradient flow of dist(]9, •) for every point p. Examples of extremal sets are 
isolated points with spaces of directions of diameter < tt /2, the boundary 
of an Alexandrov space and, in a trivial sense, the entire Alexandrov space. 
The restriction of this stratification to the boundary partitions the boundary 
into /ace*. We refer the reader to [,35J for definitions and important results. 

We introduce here a notion of regular points in extremal sets, which will 
be useful later. A point p E C. X" will be called E-regular when 
TjpE = Si, that is, the space of directions tangent to E at the point p is 
isometric to a unit round sphere. 

Proposition 1.3. Let X be an Alexandrov space with boundary and E = 
dX. Then E contains a dense set of E-regular points. 

Proof. Consider D(X) = XUaxX, the double of X, formed by identifying 
two copies of X along their common boundaries, dX. Since -D(X) is also 
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an Alexandrov space ETl . it has a dense set of regular points, and, since 
that set is convex, dX c D{X) also has a dense set of regular points. Then 
in X these points will be i^-regular. □ 

When an extremal set is given its intrinsic path metric, the shortest paths 
in the extremal set exhibit characteristics similar to geodesies. We can gen- 
eralize the notion of geodesic to include these "quasigeodesics" as follows. 

Definition 1.4. A curve 7 in X, an Alexandrov space with curv > k, is 
a quasigeodesic if and only if it is parametrized by arc-length and f{t) = 
Pk o dist(p, 7(t)) is (1 — fc/)-concave, where pk is the function defined in 
Equation 1. 

The natural generalization of totally geodesic submanifolds from Rie- 
mannian geometry is the totally quasigeodesic subset. We say that a closed 
subset F C X is totally quasigeodesic if a shortest path in Y between points 
is a quasigeodesic in the ambient space X. See [f35ll for the formal defini- 
tion. Extremal sets are the most important example of totally quasigeodesic 
subsets. 

1 .2. Transformation Groups and Alexandrov Spaces. We will now con- 
centrate our attention on isometric group actions on Alexandrov spaces. 

The following important proposition from [12J uses the Join Lemma [TTTI 
to describe the tangent and normal spaces to an orbit of an isometric group 
action. 

Proposition 1.5. Let X be an Alexandrov space admitting an isometric 
action of a compact Lie group G and fix p E X with dim{G/Gp) > 0. If 
Sp C Ep is the unit tangent space to the orbit G{p) = G/Gp, then the 
following hold. 

( 1 ) Sp is isometric to the unit round sphere. 

(2) The set i^{Sp) is a compact, totally geodesic Alexandrov subspace of 
SpX with curv > 1, and the space of directions EpX is isometric 
to the join Sp * ulSp) with the standard join metric. 

(3) Either vi^Sp) is connected or it contains exactly two points at dis- 
tance TT. 

It was shown in fTOl that if G acts effectively on X then the induced 
isometric action of Gp on Sp must also be effective. Therefore Gp will act 
isometrically and effectively on the space of normal directions ^{Sp), which 
we will simply write as Up from now on. 

1 .3. The Soul Theorem. The following important result for non-negatively 
curved Alexandrov spaces will be used throughout the text [|27ll . 
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Soul Theorem 1.6. Let X be a compact Alexandrov space o/curv > and 
suppose that dX ^ 0. Then there exists a totally convex, compact subset 
S d X, called the soul of X, with dS = 0, which is a strong deformation 
retract of X. IfcuTv{X) > 0, then the soul is a point, that is, S = {s}. 

The proof relies on the concavity of dist(9X, ■). The gradient flow of the 
distance function on X \ dX is 1-Lipschitz, and so can be extended to all 
of X. This flow plays the role of the Sharafutdinov retraction. Note that 
instead of using the distance from dX we may use the distance from any 
union of boundary faces (see [43]). When curv(X) > the boundary has 
only one component and is homeomorphic to S^. 

In the special case where X is the quotient space of an isometric group 
action on an Alexandrov space Y with curv > 0, that is, vr : F — )• X = 
Y/G and dX 0, we see that ^ ^ u{G{p))/Gp, where p G 
n^^(s). Because the gradient flow preserves extremal subsets, it is clear 
that the orbit space has a somewhat conical structure. The non-principal 
orbit types are either s, contained within dX, or stretch from dX to s. 

1.4. Orientability of Alexandrov spaces. As Petrunin has pointed out in 
[[34l, Alexandrov spaces are unlike manifolds in that they can have arbitrar- 
ily small neighborhoods which do not admit an orientation. In particular, if 
p E X has a non-orientable space of directions Sp, then no neighborhood 
of p is orientable. We call such a space locally non-orientable. We will 
use Alexander-Spanier cohomology to study orientability, as it has certain 
advantages in the context of Alexandrov spaces (cf. [|T4l ). and coincides 
with singular cohomology. 

It is easy to see by excision that X \ {p}; Z) = i/""^(Sp; Z). If 

i/"~^(Sp; Z) = Z, then a choice of generator of H^~^{T.p] Z) is a local ori- 
entation at p. We will say that X is locally orientable if a local orientation 
can be chosen at each point p E X. 

We will define orientability of a compact Alexandrov space without bound- 
ary, X, in terms of the existence of a fundamental class. That is, as in the 
manifold case, X is orientable if for every x E X, H"^^(X, X \ {p}; Z) — )■ 
H^{X; Z) = Z is an isomorphism. For non-compact Alexandrov spaces 
without boundary we define orientability using cohomology with compact 
supports. If the space has boundary, we will use relative cohomology. 
Henceforth we will use integer coefficients. 

1 .5. Classical Theorems for Positive Curvature. For a Riemannian man- 
ifold of positive sectional curvature there are two important theorems that 
characterize its topology. They are the Bonnet-Myers theorem, which tells 
us that if the curvature is bounded away from zero the manifold is com- 
pact and the fundamental group is finite, and Synge's theorem, which tells 
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US that in even dimensions an orientable manifold of positive curvature is 
simply connected and in odd dimensions a manifold of positive curvature is 
orientable. 

Petrunin [[34ll proved an analogue of Synge's theorem for locally ori- 
entable Alexandrov spaces, which we recall here without the hypothesis of 
local orientability in even dimensions, a simple improvement which follows 
directly from the results in Section [21 

Generalized Synge's Theorem 1.7. Let X" be an Alexandrov space with 
curv > 1. 

(1) If X is even- dimensional and is either orientable or locally non- 
orientable then X is simply connected, otherwise it has fundamental 
group %2- 

(2) IfX is odd-dimensional and locally orientable then X is orientable. 

The analogue of the Bonnet-Myers theorem for general Alexandrov spaces 
is well known but could not be located by the authors elsewhere in the lit- 
erature. For completeness, a proof is presented here. 

Generalized Bonnet-Myers Theorem 1.8. Let X be an Alexandrov space 
of cnrv > k > 0. Then X is compact and has finite fundamental group. 

Proof. Since an Alexandrov space of curv > A; > has diameter bounded 
above by n/\/k flU, it follows from local compactness that X must be com- 
pact. Since Alexandrov spaces are MCS spaces, they have universal covers 
(cf. (3]), and it is clear that the metric on X induces a metric on the univer- 
sal cover with the same curvature bound. The proof now proceeds just as in 
the Riemannian case. □ 

Observation. Unlike in the manifold case, simple connectivity does not 
imply orientability for Alexandrov spaces in general. The universal cover 
of a non- orientable Alexandrov space can therefore be non-orientable, as 
is the case for S(]RP^), the spherical suspension of the projective plane, 
whose universal cover is itself. 

2. Ramified Orientable Double Covers 

In this section we show that every non-orientable Alexandrov space can 
be obtained as the quotient of an orientable Alexandrov space by an isomet- 
ric involution. Unlike in the manifold case, the involution is not required to 
be free. Locally non-orientable spaces arise where the involution has fixed 
points. We will develop the theory only for spaces without boundary, but it 
is easy to adapt the theory for spaces with boundary. It may help to begin 
by considering the simplest application of the theory. 
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Example 2.1. The suspension on MP^ can be obtained as the quotient of 
by the suspension of the antipodal map on S"^. 

We will consider the matter of orientability for a more general class of 
topological spaces, which we refer to as non-branching MCS spaces. By 
this we mean MCS spaces where the top stratum is a connected manifold. 

Our definition of orientability and local orientability for a connected, 
non-branching MCS space without boundary is the same as that for an 
Alexandrov space without boundary, allowing for Ep to now represent the 
compact connected MCS space whose cone gives us the conic neighbor- 
hood atp E X. 

Lemma 2.2. Let X" be a non-branching MCS space of dimension n > 2 
without boundary. X is orientable if and only if the topological manifold 
X*^"^ is orientable. 

Proof. The advantage of Alexander-Spanier cohomology is that for any 
closed subset A d X, H^{X, A) = H^{X \ A) Observe further that, as 
with Alexandrov spaces, the codimension of the singular set S* = X \ X*^"^ 
of a non-branching MCS space is at least 3. Thus, as in [[T4ll . the set 5* is so 
small that 

iy,"(x) ^ H^{x, s) = i/,"(x \ ^) ^ i/,"(x(")). 

Given this, one implication is trivial, and it remains to show that if X^^^ 
is an orientable manifold then X is orientable. In order to do so, we must 
show that the generator of H^{X), which we identify with the fundamental 
class of X*^"), induces local orientations at each point. We will do this by 
induction on n. 

For any point p in the orientable manifold X^") , the generator of if" (X*^"^ ) 
maps to a generator of if"(X("\ X*^") \ {p}) as usual, giving a local ori- 
entation at p. If p G S, then let U be an open conic neighborhood of p, 
so that U = KEpX. The sotV = U\S is then the cone on SpX \ T.pS. 
The orientation of X*^") induces an orientation on the (n — 1) -dimensional 
manifold S^X \ T.pS, and by the inductive hypothesis on the Alexandrov 
space SpX. □ 

Theorem 2.3. Let X be a non-branching MCS space of dimension n with- 
out boundary which is non- orientable. There there is an orientable MCS 
space Xnam with the same dimension and with an involution i such that 
XRam/i — X. XRam is a ramified double cover of X, and the ramification 
locus is the union of those strata with non-orientable normal cones. 

Proof. Let X^") be the manifold part of X. By Lemma 12.21 it is non- 
orientable, so it has an orientable double cover, and we can glue X \ X^") 
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back into the double cover to obtain a ramified double cover with the re- 
quired properties. □ 

In order to apply this technique to Alexandrov spaces we will need to 
add metric information. We will rely on the following lemma which gives a 
condition for the completion of an Alexandrov domain to be an Alexandrov 
space. This result is a straightforward generalization of results from ifTTl 
andiSll. 

Lemma 2.4. Let X be an Alexandrov domain with curv > k. Then, if for 
every p G X a geodesic pq exists for almost all q E X, the completion ofX 
is an Alexandrov space with curv > k. 

Proof. The proof is as in ifTTl . Let p E X. For almost every geodesic 7, 
the geodesic P7(t) exists for almost every t. Let / be the function obtained 
from dist(p, ■) by composition with pk, where pk is the function defined in 
Equation 1 of Section 1 . It is not hard to show that / is semi-concave and in 
fact / o 7 is (1 — A;/) -concave at almost every t (in particular, where p'j{t) 
exists - see the methods of proof in [[361 for further details). By 1.3 of [33], 
/ o 7 is therefore (1 — kf) concave for all t. By continuity, the result holds 
for all geodesies 7. Now / is 1 — A;/-concave on X, so that the Toponogov 
comparison holds globally. Once again by continuity, the comparison holds 
in the completion of X. □ 

The main result of this section. Theorem A, can now be seen as a corol- 
lary of Theorem [2. 3[ and Lemma [Z4l 

Corollary 2.5. Let X be an Alexandrov space of dimension n and curv > k 
without boundary which is non-orientable. There there is an orientable 
Alexandrov space Xj^am with the same dimension and lower curvature bound, 
and with an isometric involution i such that Xnam/i cind X are isometric. 
Xnam is a ramified orientable double cover ofX, and the ramification locus 
is the union of those strata in X having non-orientable normal cones. 

Proof. The metric result is all that we need to show. We can use the involu- 
tion to define a metric on XRam- Within XRam, the double cover of the man- 
ifold X^") is an Alexandrov domain with curv > k. Spaces of directions in 
-^Ram are ramified covers of spaces of directions in X, so by induction they 
are Alexandrov spaces with curv > L It follows that geodesies in XRam do 
not branch. The codimension of the ramification locus is at least 3, and so 
the assumptions of Lemma [Z4| are satisfied. □ 

We will refer to XRam as the ramified orientable double cover of X. We 
now present a lemma on lifting group actions to these ramified orientable 
double covers, and we will also use the covers to classify positively curved 
spaces in dimension 3. 
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Lemma 2.6. Let G be a connected Lie group acting by isometrics on an 
n-dimensional non-orientable Alexandrov space X without boundary. Let 
XRam be the ramified orientable double cover of X. Then the action of G 
on X lifts to an action of a 2-fold covering group ofG, G on X Ram- 
Proof Since the G-action is isometric, it must preserve the stratification 
of X, and in particular act on the manifold X^'^\ The action may then be 
lifted to an action of a 2-fold covering group on the double cover of X^"), 
which is dense in XRam- Since the action is by isometrics it extends to all of 

The following classification results are an easy consequence of the the- 
ory of ramified orientable double covers. They have been obtained indepen- 
dently in [1 1], and also appear to be known to others in the field [[37ll . 

Proposition 2.7. The only closed, simply-connected, three-dimensional Alexan- 
drov spaces of positive curvature are homeomorphic to either or SMP^. 

Proof. If X is a manifold this follows from the resolution of the Poincare 
Conjecture ll29il30ll3Tll . If X is not a manifold its ramified orientable dou- 
ble cover is S^, and the only isometric involution on S'^ which fixes only 
isolated points yields SMP^ gil |22l . □ 

Because there are no free isometric actions on SRP^, we have the fol- 
lowing corollary. 

Corollary 2.8. Let X"^ be a closed, three-dimensional, Alexandrov space of 
positive curvature which is not a manifold. Then X^ is homeomorphic to 

3. Group Actions on Alexandrov Spaces 

In this section, we show that some important results from the theory of 
isometric actions of compact Lie groups on Riemannian manifolds still hold 
in the context of Alexandrov geometry. We prove the Slice Theorem, and 
we also show that, as one would expect, the fixed point set of a group action 
is a totally quasigeodesic subset. 

We consider torus actions on positively curved spaces, and show that their 
fixed point sets are always of even codimension, that in even dimensions the 
fixed point set is always non-empty, and that in odd dimensions if no point 
is fixed, then there must be a circle orbit. 

3.1. Isotropy and the Slice Theorem. Let G be a compact Lie group act- 
ing on an Alexandrov space X, and let Gp be the isotropy group at a point 
p. Then Gp acts in two ways: locally and infinitesimally. By acting locally. 
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we mean that for any r > 0, the group Gp acts on dBr{p). By acting in- 
finitesimally, we mean that as r — )• this action converges to an action of 
Gp on the space of directions, Sp. Alternatively, one might also consider 
the natural action of Gp on the space of geodesies emanating from p, and 
extend it to its completion, Sp. 

Proposition 3.1. Let G be a compact Lie group acting by isometries on 
an Alexandrov space X, and let Gp be the isotropy at p E X. Then for 
small r there are Gp-equivariant homeomorphisms dBr{p) — ?■ SpX. In 
other words, the infinitesimal action of the isotropy group is equivalent to 
its local action. 

Proof. Let r be so small that the closed ball Br{p) = KTjp, where KYjp 
denotes the closed cone on Sp. Gp acts on this ball. We can remove the 
point p and glue in Sp in its place to obtain a new space W = TjpX [0, 1]. 
Since the isotropy action is, by definition, the limit of the local action, we 
may combine the local and infinitesimal actions to get one continuous Gp 
action on W . The orbit space W of this action is obtained from X = X/ Gp 
in a similar way, namely, we remove the point p from Br{p) and replace it 
with Sp, so that we have 1^ = Sp x [0, 1]. Note that the orbit space has the 
structure of a product: by considering the isotropy action as an action on 
geodesies (or quasigeodesics) it is clear that the same orbit types appear as 
we vary t G [0, 1]. 

We can now apply Theorem 2.5.2 of [|26l (cf. Theorem II.7.1 of [4J) and 
we see that the action of Gp on W is equivalent to the product of the isotropy 
action on Sp and the trivial action on [0, 1] . □ 

We can now prove Theorem B: the Slice Theorem for Alexandrov spaces. 

Slice Theorem 3.2. Let a compact Lie group G act isometrically on an 
Alexandrov space X. Then for all p E X, there is some > such that 
for all r < Vq there is an equivariant homeomorphism ^ : G Xq^ Kvp — )■ 
Br{G{p)), where Up is the space of normal directions to the orbit G{p). 

Proof Let TT : X X = X/G. Let p e X, and let p = n{p) e X. Let h : 
X — )■ M be a function built up from distance functions such that it is strictly 
concave on some U 3 p and attains its maximum value on f/ at p (see ||32l 
for the construction). Let tq be such that B.,.q{p) C h^^ ([a, oo)) C U for 
some a. The gradient flow of h gives the retraction F : Brg{p) — )■ {p}. 

We can lift the function h to a function /i : X — )• M. This function is 
defined by distance functions from G-orbits, and so its gradient flow gives a 
G-equivariant retraction F : Br{G{p)) — )■ G{p). Then by Proposition II.3. 2 
of [|4j|, F'^{p) is a slice. 

Since the directions of flow lines of h are horizontal with respect to vr, 
within the space W constructed in Proposition 13. II the slice F~^{p) and the 
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space of directions normal to the orbit, Up, together give a Gp-invariant sub- 
space V, and the orbit space of the restricted action is Sp x [0,1]. Therefore 
V is a product, and we have the result. □ 

Note that in the special case where X has curv > A; > and dX ^ 0, 
letting p be the soul of X, and G{p) be the corresponding orbit in X, we 
may use the Sharafutdinov retraction in place of F to show that 7i~^{X \ 
dX) is equivariantly homeomorphic to G x^^ Ki'p. 

3 .2. Structure of Fixed Point Sets. 

Proposition 3.3. Let G be a compact Lie group acting on an Alexandrov 
space X by isometries. Let H <Z G be a closed subgroup, and let F C X 
be the set of fixed points of H. Then F is a totally quasigeodesic subset of 
X, and admits a stratification into manifolds. 

Proof. The isometric image of F in the orbit space X/ H is an extremal set, 
and therefore it is totally quasigeodesic and stratified into manifolds [32J. 
For any p E X, the function dist(p, ■) on F is equal to dist(p, ■) on the 
image of F, and so curves in F which are quasigeodesics for X/ H are also 
quasigeodesics for X, giving the result. □ 

Example 3.4. Suspend an isometric T^-action on CP^, where fixes an 
S"^ and an isolated point in the CP^. Fix(ECP^;T^) is connected and 
consists of an and an interval, I, where the interval 's endpoints are 
the antipodes of S^. The strata are ( i) a twice punctured S^, ( ii) an open 
interval, and ( Hi) two isolated points. 

3.3. Torus Actions on Positively Curved Spaces. We first recall Petrunin's 
generalization of Synge's Lemma, which is used to prove the Generalized 
Synge's Theorem 11.71 

Generalized Synge's Lemma 3.5. ||34ll Let X be an orientable Alexandrov 
space with curv > 1 and let T : X ^ X be an isometry. Suppose that 

(1) X is even-dimensional and T preserves orientation; or 

(2) X is odd-dimensional and T reverses orientation. 

Then T has a fixed point. 

In the even-dimensional case, the theory of ramified orientable double 
covers yields the following corollary. 

Corollary 3.6. Let X be an Alexandrov space of even dimension with curv > 
1, and let G be a connected Lie group acting on X by isometries. Then for 
any g E G, g has a fixed point. 
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Proof. We may take X to be non-orientable. By Lemma 12.61 we may lift 
the action of G to an action of a 2-fold covering group G on X^^^, and then 
the Generalized Synge's Lemma 13.51 applies to a lift of g which is in the 
connected component of the identity of G. □ 

Lemma 3.7. Let act by isometries on X^", an even-dimensional space 
of positive curvature. Then has a fixed point. 

Proof. Consider a dense 1 -parameter subgroup of T^, and within it an in- 
finite cyclic subgroup. By Corollary 13.61 the cyclic subgroup fixes a point. 
As we move the generator of the subgroup towards the identity, we generate 
a sequence of fixed points in X, and any limit point of that sequence will be 
fixed by the torus. □ 

Corollary 3.8. Let act by isometries on X^"+^, an odd-dimensional 
space of positive curvature. Then either there is a circle orbit or has a 
fixed point set of dimension at least one. 

Proof. If T'^ has a fixed point p, then we may apply Lemma 13.71 to the 
isotropy action on Sp, a positively curved Alexandrov space of even dimen- 
sion. Otherwise, let C T'^ act non-trivially, and consider the induced 
action of T'^^^ on the 2ri-dimensional space X/T^. By Lemma [3771 this 
action fixes a point, and that point corresponds to a circle orbit of T" in 
X. □ 

Finally, we note that an easy induction shows that a familiar result on 
the codimension of the fixed point set of circle actions (or, more generally, 
torus actions) on Riemannian manifolds holds for Alexandrov spaces. 

Proposition 3.9. Let act isometrically and effectively on X"', a compact 
Alexandrov space. Then the fixed point set components of the circle action 
are of even codimension in X". 

4. Fixed-Point Homogeneous Actions 

In positive curvature, fixed-point homogeneous Riemannian manifolds 
are similar to cohomogeneity one Riemannian manifolds, in that they admit 
a decomposition as a union of disk bundles. When one considers positively 
curved Alexandrov spaces of cohomogeneity one, one sees that they admit 
a decomposition as a union of more general cone bundles lfT2l . One might 
expect, therefore, that positively curved fixed-point homogeneous Alexan- 
drov spaces would also admit a decomposition as a union of cone bundles, 
but we will see below that this is not the case. 

We recall here the structure theorem for fixed-point homogeneous Rie- 
mannian manifolds in positive curvature. 
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Theorem 4.1 (Structure Theorem). [[T6l Let M be a positively curved Rie- 
mannian manifold with an (almost) effective isometric fixed-point homoge- 
neous G-action and M*^ ^ ^. If F is the component of with maximal 
dimension then the following hold: 

(i) There is a unique orbit G{p) = G/Gp at maximal distance to F ( the 
"soul" orbit). 

(ii) All Gp-orbits in the normal sphere to G{p) at p are principal and 
diffeomorphic to Gp/H. Moreover F is diffeomorphic to jGp. 

(iii) There is a G-equivariant decomposition of M, as 

M = D{F) UeD{G{p)), 

where D{F), D{G{p)), are the normal disk bundles to F, G{p), re- 
spectively, in M with common boundary E when viewed as tubular 
neighborhoods. 

(iv) All orbits in M \ (F U G{p)) are principal and diffeomorphic to 

= G/H, the normal sphere to F. 

Note that when X is an Alexandrov space, the normal spheres are re- 
placed by more general spaces of positive curvature. While one would ex- 
pect to decompose the space as a union of cone bundles this is not in general 
possible, because part (ii) of this theorem fails for Alexandrov spaces and 
so there may be non-principal orbits in the complement of F U G{p). 

Example 4.2. Consider SMP^ with the suspended action. Here the 
fixed point set of the action is an interval and the soul orbit at maximal 
distance is a circle with Z2 isotropy. The Z2 isotropy action fixes two points, 
giving rise to a sphere with Z2 isotropy which intersects the endpoints of the 
fixed point set of the action at its antipodes. Although SMP^ is itself the 
union of two cone bundles over MP^, it is not a union of cone bundles over 
Fix(SRp2; T^) and the soul orbit T^{p) = S'^ /Z2. 

In this section we present an alternative description of positively curved 
fixed-point homogeneous Alexandrov spaces as a join of a space of direc- 
tions and a compact, connected Lie group, G, modulo a subgroup K C G. 
This provides an alternative way of viewing fixed-point homogeneous Rie- 
mannian manifolds of positive curvature. 

We observe that the maximal connected component of the fixed point set 
of a fixed-point homogeneous action has codimension 1 in the orbit space 
and corresponds to a union of faces in the boundary. It follows that it is 
unique in positive curvature [34J, provided dim(X/G') > 1. 

For Alexandrov spaces that admit an isometric, fixed-point homogeneous 
G-action for which X'^ 7^ 0, we can now prove Theorem C as stated in the 
introduction. 
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Proof of Theorem C. Part (i) follows from the Soul Theorem 11.61 applied to 
the quotient space X/G, a positively curved Alexandrov space, retracting 
from the faces of the boundary which make up F. Let v be the space of 
normal directions to the orbit G{p). Part (ii) follows from the Slice Theorem 
13.21 noting also that F is homeomorphic to the space of directions at the soul 
point oi X/G, which is u/Gp. 

For part (iii), X \ F is homeomorphic to (K^u) x G)/Gp by the Slice 
Theorem, and this homeomorphism is G-equivariant, where G acts trivially 
on u and acts on G by its left action. We may write K{v) x G as u x G x 
(0, 1], where u x G x {1} is identified to G. The set F is, by part (ii), 
homeomorphic to f/Gp, and it is fixed by G, so the entire space X is in fact 
homeomorphic to (z/ x G x [0, 1] )/G'p, where z/ x G x {0} has been identified 
to u and z/xGx{l}toG, and the homeomorphism is G-equivariant. 

For part (iv), let p G F C X/ G be F-regular and the image in z//Gp of a 
principal Gp-orbit. Then at p G F C X we have an isometry SpX = S^^^ * 
N where k = dim(F) and N is the normal space. There is a neighborhood 
of p which is comprised entirely of principal orbits and of fixed points in 
F. Since by assumption G acts transitively on N, N is given by G/H. It 
follows that G/H has curvature bounded below by 1, completing the proof 
of the theorem. □ 

In the special case where H <\ Gp C G,we have the following corollary. 

Corollary 4.3. Let G act isometrically and fixed-point homogeneously on 
X^, an n-dimensional, closed Alexandrov space of positive curvature and 
assume that X"^ ^ 0. Suppose further that H < Gp C G, where H is the 
principal isotropy of the G-action and Gp is the isotropy subgroup of the 
"soul " orbit. Then X" is equivariantly homeomorphic to 

{v*G/H)/K, 

where v is the normal space of directions to G/Gp and K = Gp/H. That 
is, X" is homeomorphic to the quotient of the join of two positively curved 
Alexandrov spaces. 

Proof. Write K for Gp/ H. By Theorem C, X" is homeomorphic to 

{p*G)/Gp^{{u*G)/H)/K. 

Since H is the principal isotropy of the Gp-action on u, and is a normal 
subgroup of Gp, it acts trivially on v. Therefore we have 

{u*G)/H={u*G/H), 

and the result follows. □ 

Note that for any space v of curv > 1, we can join v to any homoge- 
neous G-space of curv > 1 to obtain a positively curved Alexandrov space 
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with a fixed-point homogeneous G-action. In this sense, we can think of 
fixed-point homogeneous spaces as being plentiful among positively curved 
Alexandrov spaces. 

Observe, however, that if we restrict our attention to positively curved 
Riemannian n-dimensional manifolds and assume that Gp 7^ G, then, with 
the unique exception of the fixed-point homogeneous S'j9m(9)-action on 
CaP^, H <\ Gp C G. Hence, Corollary 14.31 allows us to represent all such 
manifolds as 

M" = {S'' * G/H)/G' ^ [S'' * S^)/G' ^ 5^+'+VG", 

where G' ^ Gp/H, and G' is one of either SU{2), Nsu(2){T^), T\ or a 
finite subgroup of 0{n + 1) (cf. El), that is, all these manifolds are spheres 
or the base of a fibration whose total space is a sphere. CaP^ cannot be 
written as the base of such a fibration, and its decomposition as a join is 
given by 

{SU Sptn{9))/Spin{8). 

We also note that in the special case where Gp = G, the principal isotropy 
subgroup is almost always not normal in G. This is not an issue for the 
Riemannian case, though, because the only groups that can act principally 
on n-spheres must either act transitively, in which case, the decomposition 
as a join gives us that 

(z/ * G)/Gp ^ * G/H ^S^*S^ = S^+\ 

or they must act freely, as in the examples discussed above. 

Finally, we note that in analogy to the Riemannian case, we can decom- 
pose a fixed-point homogeneous, positively curved Alexandrov space as a 
union of cone bundles when we assume that all orbits in the complement of 
the fixed point set F and the soul orbit G{p) are principal. That is, we have 
the following corollary whose proof we leave to the reader. 

Corollary 4.4. Let G act isometrically and fixed-point homogeneously on 
X"^, an n-dimensional, closed, Alexandrov space of positive curvature and 
assume that X'^ 7^ 0. Let H d G be the principal isotropy and let F be the 
component of X'^ with maximal dimension. If we assume further that the 
orbits in X \{F U G{p)) are principal, then X" decomposes as 

Kg/h{F)UK,{G{p)), 

that is, as the union of cone bundles over F and G{p) having as fibers 
cones on G/H, a positively curved homogeneous space, and v, the posi- 
tively curved normal space of directions to G{p), respectively. In particu- 
lar, in the Riemannian case, the fibers are cones on spheres, and so we have 
disk bundles. 
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5. Maximal Symmetry Rank 

In this section we show that, as in the Riemannian case, the bound on 
the symmetry rank of a positively curved Alexandrov space of dimension 
n is [^^J , and that when the bound is achieved some circle subgroup acts 
fixed-point homogeneously. We then inductively use the join description of 
fixed-point homogeneous spaces to show that all such spaces are quotients 
of spheres as stated in Theorem D. 

Theorem 5.1. Let act isometrically and (almost) effectively on X", a 
positively curved Alexandrov space. Then, 

- L 2 J 

Further, in the case of equality, for some C T^, codim(Fix(X"; T^)) = 
2. 

Proof. If X has boundary then the action is determined by the isotropy 
at the soul, and if X is non-orientable the action will lift to the ramified 
orientable double cover. Therefore we may assume that X is closed and 
orientable. 

The proof is by induction on the dimension n of the space. Where n = 1, 
the maximal torus action is the free action of on S^, fixing the empty set, 
0, which has codimension 2. The crux of the induction step is that where a 
group acts effectively, the action of any isotropy group on a normal space 
must also be effective ifTOll . 

lfn = 2k — l, then by induction an effective action of T'^ (or of a torus of 
higher rank) cannot fix points, and so Corollary 13.81 implies that the action 
has a circle orbit. If n = 2k, then Lemma [377] implies that the action has a 
fixed point. 

Aiming for a contradiction, we suppose that T^+^ acts on X"', with n = 
2/c — 1 or 2k. Consider the isotropy action at a circle orbit or at a fixed point, 
respectively. By the inductive hypothesis, this action cannot be effective. 
This proves the bound on the rank. If T'^ acts, we again consider the isotropy 
at a circle orbit or fixed point. This action is also of maximal rank and so 
there is a circle subgroup of the isotropy which fixes a set of codimension 
2 in the normal space. This subgroup will also fix a set of codimension 2 in 
X. □ 

Example 5.2. The standard unit sphere 5*" has isometry group 0{n + 1), 
and this group is clearly of maximal rank. We may consider the action of 
the maximal torus in 0{n + 1) to be the prototypical maximal rank action 
in positive curvature. 
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Example 5.3. Let T be a finite subgroup of the maximal torus in 0(n + 1). 
Then clearly ^"/r admits an action of maximal symmetry rank. If we re- 
quire r to act freely we obtain the lens spaces (including the odd dimen- 
sional projective spaces) [42]. Note that in this category of examples, the 
2n- dimensional spaces are simply suspensions of the (2n — 1)- dimensional 
spaces. 

Example 5.4. It is not necessary that T be a subgroup of the maximal torus: 
it is enough that it commute with the torus. This creates a distinction only 
in 0{2n + 1), where the maximal torus T" commutes with the antipodal 
map. Therefore we may pick T C ZlT"-) C 0{2n + 1). If we require T 
to act freely, we obtain the even-dimensional projective spaces. However, if 
T fixes points we will obtain spaces which are locally non-orientable, such 
as jTL^ = MP^ * S^, where the involution fixes a circle. We can also 
obtain spaces with boundary. For example, if T is simply a refiection then 
the quotient space is a disk. 

Example 5.5. Let T C T"+^ C 0{2n + 2) be rank one. Then the 2n- 
dimensional space S^'^'^^/T admits a -action. In particular, ifV acts 
freely (and so is the diagonal circle) then we obtain a -action on CP". 

We see that many spaces of maximal symmetry rank can be obtained in 
the same way as the Riemannian examples, that is, by taking quotients of 
spheres. We obtain non-Riemannian spaces simply by allowing the group 
to have isotropy. Theorem D shows that all such spaces arise in this way. 

Theorem D. Let X be an n-dimensional, compact, Alexandrov space with 
curv > 1 admitting an isometric, (almost) effective -action. Then k < 
[^^J and in the case of equality either 

(1) X is a spherical orbifold, homeomorphic to /G, where G is a 
finite subgroup of the centralizer of the maximal torus in 0{n + 1) 
or 

(2) only in the case that n is even, X = S^^^ /G, where G is a rank one 
subgroup of the maximal torus in 0{n + 2). 

In both cases the action on X is equivalent to the action induced by the 
maximal torus on the G-quotient of the corresponding sphere. 

Proof. The bound on the rank has already been shown. Let us assume that 
X" is closed and orientable, and that acts with maximal rank on X. 
By Theorem 15. 1[ there is some C which acts with a fixed point set 
of codimension 2. Let F be the fixed point set. Then there is a unique 
orbit T^{p) at maximal distance from F. Let Up be the normal space to 
this orbit. In X/T^, this orbit becomes a point fixed by /T^. We either 
have Tp = T^, in which case p is fixed by the entire torus, or is finite. 
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in which case T'^(p) is a circle orbit. In either case, the isotropy action of 
Tp on Up is once again an action of maximal symmetry rank upon a closed 
orientable positively curved Alexandrov space. 

Now by Theorem C, we may write X = (u * S^)/Tp. We proceed in- 
ductively, until v is given by or S^, to see that X is homeomorphic to 
the quotient of some sphere S'^ by a subgroup G of a linearly acting torus, 
and that the torus action on X is induced by the action of the torus on S'^. 
It is clear from considering the dimension of the space and the rank of the 
torus that either m = n and rk(G') = 0, or that, only in the case where n 
is even, m = n + 1 and rk(G) = 1. Further, one easily sees that the orbit 
space X/T^, stratified by isotropy type, is either a simplex or a suspended 
simplex. 

In the case that X" is not orientable, we have X = {S'"' /G) /T,2, where 
Z2 reverses orientation. It follows that [S™- /G) jT^ is a suspended simplex, 
and dim(X) = m n is even with G finite. The action of Z2 can then be 
lifted to the sphere, where it is the composition of an element of the torus 
with a reflection. In the case that X has boundary, the isotropy action at 
the soul determines the action on X. X is the cone on an odd-dimensional 
maximal symmetry rank space, or, equivalently, the quotient by a reflection 
of the suspension of an odd-dimensional maximal symmetry rank space. 

□ 

We can see from the inductive nature of the proof that if the space is odd- 
dimensional then it is built up by an iterated process, joining a circle to a 
space of lower dimension and then taking a quotient by a finite group, that 
is one can write it as 

(■■■(5Vri*5i)/r2*---*5^)/rfe, 

where Fj are finite subgroups of T^, 1 < i < fc. If it is even-dimensional 
and orientable, then it is a suspension of an odd-dimensional example, or 
it is the quotient of an odd-dimensional example by a circle. If it is not 

orientable, or has boundary, then it is a quotient by an involution on an 
example of suspension type which interchanges the poles of the suspension. 

This view of the proof allows us to show the following result on the fun- 
damental groups of these spaces. 

Proposition 5.6. Let X^ be a positively curved Alexandrov space of maxi- 
mal symmetry rank. Then ifn is odd X has finite cyclic fiindamental group 

and = 0. If n is even then X is contractible if it has boundary, 

is simply connected if it is orientable or locally non-orientable, and has 
fundamental group of order two if it is locally orientable but not globally 
orientable. The Euler characteristic x(X) — 2orn-\-l if X is closed and 
orientable and x{^) — 1 otherwise. 
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Proof. The odd-dimensional spaces are spherical orbifolds, and from the 
proof of Theorem [5] we can see that the first isotropy group , which is at 
most finite cyclic, is the only group which might act without fixing points, 
so by fV\ the result follows. The other cases are either trivial, or conse- 
quences of the Generalized Synge's Theorem II .71 

Because X is homeomorphic to the orbit space of an isometric action on 
a Riemannian manifold, the fact that x{X) = T^)) for ^^ly 

in the torus now follows just as in the Riemannian case [21 J (noting that 
the subspaces to which the Lefschetz fixed point theorem are applied are all 
triangulable by [[T9ll ). The result is then true by induction. □ 
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